Previous investigations of the effect of a magnetic canopy on the solar p-and /-modes are extended to allow for variations in height of the magnetic canopy. Analytical solutions in the limit of long horizontal wavelength are obtained and exhibit explicitly the dependence of frequency shifts on magnetic field strength, wavenumber, and canopy height. Frequency shifts are principally due to changes in canopy height. Full numerical solutions are also presented.
INTRODUCTION
In two recent papers (Campbell & Roberts 1989; Evans & Roberts 1990 ; hereafter CR and ER, respectively), we have investigated theoretically the effect of a chromospheric canopy magnetic field on the frequencies of solar p-and/-modes. Magnetism influences the frequency-wavenumber relationship of solar oscillations in a number of ways. First, the presence of a magnetic field changes the structure of the atmosphere through both mechanical and thermal effects. Mechanically, the presence of a magnetic canopy implies that there is a deficit in gas pressure immediately within the canopy as compared with the field-free atmosphere below, the medium being in equilibrium with total pressure (gas plus magnetic) continuous across the canopy. This in turn implies that in general there will be a density change across the canopy. The precise form of the density change across the canopy is, however, complicated by the second property of a magnetic field, its ability to influence thermally the atmosphere within which it is embedded. (Sunspots, for example, are cool because the vertical magnetic field constrains convective motions. The upper chromosphere and corona are hot presumably because magnetic fields transport stresses and strains, either as waves or more slowly, which are subsequently dissipated as heat.) Thus, altogether, the presence of a canopy field changes the mechanical distribution of gas within the atmosphere, and so changes the character of wave motions in that region.
A third property of the magnetic field is its tendency to speed up wave propagation either through the additional compressive effect brought about by magnetic pressure (resulting in the supersonic, super-Alfvénic magnetoacoustic speed) or the additional restoring tension force induced in the magnetic field when distorted. These various effects combine in a number of complicated ways so as to modify the frequency-wavenumber relationships of the usual p-and /-modes of oscillation.
The dominant effect of chromospheric magnetism on the /-mode is to increase the speed of propagation of the wave on the magnetic canopy, an effect due principally to magnetic tension forces. As a result, for fixed horizontal wavenumber k, the frequency oe of the /-mode is expected to lie above the standard (nonmagnetic) "deep water wave" result of a> = (gk) 1/2 , whatever the distribution in horizontal field strength (see also CR and ER). By contrast, the influence of the canopy on the p-modes depends in detail on the distribution of horizontal magnetic field, leading generally to a frequency decrease for an effectively thin layer of field (see CR) and an increase for a broad layer (see ER). This contrariness is a reflection of the change in dominance of competing effects (see the discussion in ER).
The magnetic canopy may change in a number of ways. Field strengths in active regions are higher than those in quiet regions, and accordingly this will be reflected in mean canopy field strengths appropriate for variations over the solar cycle. Also, canopy heights are expected to be lower in active regions than quiet regions, and this too is expected to be reflected in the variation of a mean canopy height over the solar cycle. Clearly, the lower the canopy is in the atmosphere the more significant is its influence on oscillations.
It is evidently important to know the detailed structure of the chromospheric canopy. Inferences of canopy heights have been made from detailed analyses of chromospheric spectral lines, for both quiet regions and active regions (Giovanelli 1980; Giovanelli & Jones 1982; Jones & Giovanelli 1983 ). Giovanelli and Jones find canopy heights ranging from only 200 km above the photosphere in the vicinity of large sunspots to 1000 km above the photosphere in quiet regions. By contrast, theoretical models of canopies, based upon expanded sources of magnetic field, give somewhat higher canopy levels (though still lower for active regions than quiet ones); see Gabriel 1976; Spruit 1981; Pizzo 1986; Pneuman, Solanki, & Stenflo 1986; Fiedler & Cally 1990 . Solanki & Steiner (1990 have suggested that the discrepancy between observations and models may partly be accounted for by admitting a thermal instability created by the presence of the CO molecule, the consequence of which is to cool the field-free zone outside the hot magnetic tube. The cooling of the gas in the field-free regions reduces its pressure, thus allowing the flux tubes to expand more rapidly and resulting in a lower canopy height (Ayres 1981 ; Solanki & Steiner 1990) . It is to be hoped that helioseismology may shed light on this question of canopy structure.
Previously (in CR and ER) it was assumed that the base of the magnetic canopy resided at the temperature minimum, about 500 km above the photosphere. In this paper we investigate the influence of a variable canopy height on the frequencies of p-and /-modes. We take as our model a polytropic convection zone above which is an isothermal field-free atmosphere. The magnetic canopy is located at a height z c above the convection zone and consists of a horizontal magnetic field (either of uniform strength or one that is exponentially decreasing with height) within which is an isothermal atmosphere. The temperatures in the two isothermal regions bordering the canopy base are, in general, different.
DISPERSION RELATIONS FOR THREE-LAYER MODELS
Consider a plane parallel atmosphere, stratified by gravity g = gz (with z-axis taken to point downward) and in magnetohydrostatic balance :
Here, p, /?, and T are the equilibrium pressure, density, and temperature at depth z of an ideal gas with gas constant R = k B /m av9 for Boltzmann constant k B and mean particle mass m av . The atmosphere is stratified in the presence of a horizontal magnetic field B = B(z)x. Specification of the profiles B(z) and T(z) determines the atmospheric structure according to equations (1) and (2). The atmosphere is divided into three regions by requiring that
where T p is the temperature at the photospheric top of the convection zone (z > 0), T m is the temperature in a middle region, and T c is the chromospheric temperature. The temperature scale height in the convection zone isz 0 , and z c is the height of the chromosphere above the photosphere (z = 0). The magnetic field is taken to be of the form
representing a uniform field of strength B c confined to the region z < -z c and thus modeling the magnetic canopy. This model reduces to that discussed in ER when z c = 0. With T(z) and B(z) specified by equations (3) and (4), the gas pressure distribution is determined thus:
with density scale heights H m (= RTJg) and H c {= RT c /g\ polytropic index m( = gz 0 /RT p -1). The gas pressure P c at the base z = -z c of the magnetic canopy is related to the pressure P p at the photospheric level z = 0 through continuity of total pressure (gas magnetic) :
Wave motions about the equilibrium described by equations (1) and (2) may be described much as in ER. After Fourier decomposition in x and i, the governing equation for the vertical velocity component u z in the case of a general T(z) and B(z) is (Goedbloed 1971 ; Adam 1977; Roberts 1985) 
where c^(z)(= yp/p) is the squared sound speed, vl(z)(= B 2 /pp) is the squared Alfvén speed, and c|(z) = c 2 vjj{cl -F v\). Motions are assumed to be confined to the x-z plane and to have angular frequency oe and horizontal wavenumber k aligned with the magnetic field B.
The solution of equation (7) 
[Note that there is a typographical error in eq. (18) of ER where the left-hand side should read as + k(z + z 0 ), as in eq. (8) above.] The solution of equation (7) applying in the middle region, -z c < z < 0, is (cf. eq.
[23] with i; A = 0 of CR)
where
c sm = (7m^^m) 1/2 denotes the sound speed in the middle region ( -z c < z < 0), where the adiabatic index is y m . C 2 and C 3 are arbitrary constants.
Finally, the solution in the magnetic chromosphere (cf. ER) is
where C 4 is an arbitrary constant. Hence F denotes the hypergeometric function (Abramowitz & Stegun 1965) 
2 sc ) , with y c being the adiabatic index of the chromosphere and c sc = (y c RT C ) 1/2 its sound speed. The Alfvén speed in the chromosphere increases exponentially from its value v Ac at the chromospheric base (z = -z c ).
At all values of z the vertical component of velocity, u z , must be continuous. Furthermore, integration of equation (7) over a small interval in z shows that continuity of u z implies continuity of
This expression is equivalent to ioep T + gpu z , p T being the sum of the gas pressure and magnetic pressure perturbations. Application of the above two continuity conditions at the interfaces z = 0 and z = -z c then yields four homogeneous linear equations for the constants C U C 2 ,C 3 , and C 4 . The dispersion relation we seek is then simply the condition for the existence of a nontrivial solution. This yields the result
In the above c sp denotes the sound speed at the top (z = 0) of the convection zone, and ß = c 2 c /v\ c is the square of the ratio of the sound speed to the Alfvén speed at the canopy base {z = -z c ).
Rewriting the dispersion relation (13) in terms of dimensionless frequency Q = co/(gk) 1/2 and wavenumber K = kz 0 gives
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A calculation similar to the above can be carried out for a model in which the chromospheric Alfvén speed is a constant, thus providing a generalization of the model discussed in CR. The atmosphere described in equations (4) and (5) is modified in the region z < -z c , as follows:
= RT C Bj/fip,-is a constant. The solution of equation (7) in the magnetic region (z < -z c ) is then (cf. CR) z where u z = C 4 exp
rg 2ß + y c A=-(4 + viJoj 2 -k 2 Cy c )
The dispersion relation for the constant Alfvén speed case follows much as above, leading to dispersion relation (14) with replaced by where
3. SOLUTION OF THE DISPERSION RELATIONS The algebraically complicated form of the dispersion relation (13), coupled with its transcendental nature, would seem to suggest that only a numerical approach to its properties is likely to be appropriate. In fact, armed with a knowledge of the behavior of the similar, but simpler, relations investigated in CR and ER, we are able to present results that are valid in the limit of small kz 0 . The derivation of such results, for both the p-and /-modes, is algebraically involved and so will not be presented here (details are given in Evans 1990 ). In any case, the derivation is similar to that presented in some detail in ER. Asymptotic results of this type are in fact particularly instructive, for they specifically reveal in the frequency corrections the functional dependence upon the parameters of the model, such as the horizontal wavenumber k, the magnetism ß, the height z c of the canopy, etc. We give the asymptotic results in §3.1 below, and then go on to present full numerical results in § 3.2.
Asymptotic Results
We consider the p-and /-modes, as determined by the dispersion relation (13), in the limit of kz 0 -► 0. This limit in fact covers much of the observed range of horizontal wave number (degree /) since the scale z 0 is small (z 0 » 250 km). Oscillations with horizontal wavelength much greater than this scale accordingly satisfy our criterion of kz 0 1 and so are adequately described by the asymptotic results to be presented here.
The asymptotic behaviour as kz 0 0 of the p-modes is described by 
thus the correction to the /-mode depends upon the strength of magnetism ß as well as the polytropic index m. An analysis of equation (21) shows that ^ ^ as n -► 0. Thus, formally the /-mode correction follows from that for the p-modes in the limit n -► 0.
There are several conclusions to be drawn from the results (19) and (22). First, observe that both the p-modes correction and the /-mode correction are zero in the absence of a magnetic field (ß oo). For the p-modes, this is indicative of the fact that the frequency corrections in the absence of magnetic field are of higher order than K m + 1 ; in fact, it is shown in CR that frequency corrections for an isothermal field-free atmosphere are of order K m+2 .For the /-mode, the result that 0 as /? -► oo is consistent with the fact that in the absence of a magnetic field the /-mode has frequency oe = (gk) i/2 , independently of the thermal stratification. A second conclusion to be drawn from equations (19) and (22) is that the effect of a nonmagnetic middle layer between the top of the convection zone and the magnetic canopy is simply to introduce the exponential factor exp ( -z c /H m ), presumably arising from the amplitude decline in the eigenmodes in the nonmagnetic isothermal layer. Results (19) and (22) reduce to the corrections obtained in ER when z c = 0. Thus, the effect of a magnetic canopy is reduced exponentially by the presence of a nonmagnetic zone.
Numerical Solutions
We turn now to a numerical solution of the dispersion relations,obtaining solutions for both the uniform field canopy model (eq. The atmospheric parameters adopted in the computations are as follows. Consistent with the HSRA atmosphere (Gingerich et al. 1971 ), we take a photospheric pressure of p p = 512.5 N m -2 and temperature T p = 4460 K; the temperature in the magnetic chromosphere is taken as T c = 10,000 K, and that in the middle field-free region as 7^ = 4170 K (corresponding to the temperature minimum). For adiabatic indices we take y p = y c = y m = 5/3, though it should be noted that these values in the various regions are not entirely appropriate for a detailed solar model which in general would allow variations with height. However, our purpose here is to elucidate the role of magnetism, so we select the simple case of equal adiabatic indices for the three regions. The gas constant we take as R = 6425.97 m 2 s -2 K" 1 and the gravitational acceleration as g = 274.0 ms -2 . The wavenumber k is related to degree l by k 2 = 1(1 + 1)/R| un , with R Sun = 6.96 x 10 8 m being the radius of the Sun. The temperature gradient in z > 0 is chosen so as to give marginal stability to convection, thus giving a poly tropic index of m = l/(y p -1) = 3/2.
Figures 1-3 illustrate the effect of varying canopy height z c on the frequencies of the/-mode and the n = 1 and n = 2 p-modes. These results are for a fixed value of / = c 2 c /v\ c , the square of the ratio of the sound speed in the canopy to the Alfvén speed at the (variable) base of the canopy. The chosen value of / = 0.782 corresponds to a field of U c = 20 G on a canopy base located at z c = 500 km above the photosphere. The general tendency for frequency shifts to fall off exponentially fast, as revealed in the asymptotic results (19) and (22), is evident in Figures 1-3. 
DISCUSSION
The asymptotic results (19) and (22) demonstrate clearly the way in which a magnetic canopy influences the dispersion curves of the p-and /-modes. Our interest here is primarily in the question: how do changes in chromospheric magnetism affect the modes? Other changes to the structure of the solar atmosphere may also produce changes in the behavior of the p-and /-modes, but we concentrate here on the effects due to changes in the chromosphere. Changes in the deeper levels of the Sun will affect low-frequency, low-degree modes since these are the only ones which penetrate deeply enough. Thus, we shall only be concerned with modes of intermediate and high frequency and degree.
In CR, ER, and the present paper, we have examined several chromospheric effects : variations in chromospheric temperature, the presence of strong and weak canopy magnetic fields, and changes in the height of the chromospheric magnetic canopy. These effects cause changes in the " rigidity " of the upper reflecting boundary. Increasing this rigidity causes an increase in mode frequency for a given horizontal wavelength, while a decrease in rigidity leads to a corresponding decrease in frequency (see the discussion in ER).
Increases in chromospheric temperature at constant pressure means that the plasma density must drop. This loss of inertia has the effect of causing the chromospheric rigidity, and hence the mode frequency, to decrease. In the extreme case of 7^ -► oo, the chromosphere effectively becomes a free boundary. The effect of a chromospheric magnetic field which decreases exponentially, such that the Alfvén speed is constant, is similar to the effect of a temperature increase. The strength of the magnetism decreases so rapidly that it has little mechanical effect but causes a significant evacuation, and hence a drop in inertia, in the chromosphere. In this way a "weak" magnetic field is indistinguishable from a temperature rise in terms of its effect on p-mode frequencies. A " strong " magnetic field (B is constant with height) has a significantly different effect. In this case the magnetic field brings with it an inherent mechanical rigidity which significantly outweighs any evacuation effects. Consequently, such a magnetic field increases p-mode frequencies.
In the present paper, we have investigated the effect that changing the height of the magnetic canopy may have on the chromospherically induced frequency shifts. Asymptotic solutions to the dispersion relation for the strong field show an explicit exponential dependence of frequency shift on the height of the magnetic canopy. This is not entirely surprising. In this upper region of the atmosphere, the mode energy is evanescent and decreases to insignificant values very rapidly above the upper turning point. Consequently, any disturbance to the chromospheric structure will have an influence on the eigenmode which decreases at a similarly rapid rate. This exponential dependence of frequency shift on canopy height is borne out by our numerical solutions. It should be noted, however, that the precise effect that a change in canopy structure will have depends not only on the adjustment to its height but also on the way in which the magnetic field strength changes. This raises the more general question of how the structure of the chromosphere may be expected to vary.
The main changes that we envisage are those connected with the progress of the 11 yr solar cycle. We expect these changes to be reflected in temporal variations in p-mode frequencies. The most obvious indicators of the solar cycle are the large changes in magnetic activity concentrated in the bands of sunspots and smaller photospheric flux tubes which migrate toward the equator. This is likely to have several effects on the magnetic canopy.
If the photospheric density of flux tubes increases, then the canopy height is likely to drop since any given flux tube has a smaller area in which to fan out before meeting a neighbouring magnetic element. For the same reason, the effective strength of this canopy is likely to increase. Changes in canopy height are likely to be more significant than changes in field strengths. To see this consider the simple case of isolated flux tubes expanding outward (according to the thin tube model) as envisaged above (Spruit 1981 ; see also Roberts 1984) . These isolated thin tubes have the property that in an isothermal atmosphere their Alfvén speed is a constant: the tube expands, and therefore the field strength diminishes, at precisely that rate appropriate to maintain pressure balance with the surrounding (exponentially declining) field-free gas pressure. The result is a constant ß at the base of the canopy for any merging height. In this way the dominant effect of the magnetic activity is the changing height of the canopy. Now, the canopy height of a region is related to the mean field strength of that region. For the expansion of thin tubes, we have (Spruit 1981) z c * 2H m log (24) where B is the mean field strength of a region comprised of many individual tubes, each of strength B o (0) at the photosphere. Thus, the factor e~Z clHm , describing the effect of the canopy height, is proportional to the square of the mean field strength of a region. Similarly, defining the filling fraction/ tubes of a region to be the photospheric area occupied by flux tubes in the region divided by the total photospheric area of the region, then it is easy to see from equation (24) that exp ( -z c /H m ) « /tubesAltogether, then, these considerations of the expansion of thin tubes suggest that the frequency corrections to p-and/-modes result mainly from changes in the canopy level and those changes are proportional to the square of the mean field strength of a magnetic region, or the square of the area filling fraction. There is thus a significant difference between active regions, characterized by a mean field of, say, B = 100 G (/ tubes ä 0.1), and quiet regions with B = 5 G (/ tubes « 0.01). Similarly, changes in global mean field strength over the solar cycle, perhaps changing from 20 G at solar maximum to 5 G at solar minimum, result in significant frequency changes also.
Observations of canopy heights have been made by Giovanelli & Jones (1982) and Jones & Giovanelli (1983) and indicate a range of canopy heights of between 200 and 1000 km above the photosphere, and field strengths of 10-25 G in unipolar regions. They indicate that roughly 40% of the surface of unipolar regions and 70% of active regions have canopy heights of less than 500 km above the photosphere. Only if canopy heights were much higher than this level, in both active and quiet regions, would magnetic effects be negligible.
X-ray images of the Sun clearly show that the hotter regions of the chromosphere and corona are closely correlated with active magnetic regions. Such magnetically associated heating could lead to two effects on p-mode frequencies. First, the frequencies may be lowered as described above and in ER. This is unlikely to have a significant effect since the region of high temperature will be quite high above the photosphere and in any case it will be swamped by the stronger magnetic effects. Second, there may be some changes in cut-off frequency (see discussion in CR). Overall, then, the most significant effect is likely to be due to a lowering of the magnetic canopy due to an increase in magnetic activity.
It should be noted that the results presented here (and in CR and ER) assume the wavevector to be parallel to the magnetic field. This assumption has been made for mathematical convenience. However, on the basis of our physical explanation for the frequency shifts given in ER, we may speculate on the effects of nonparallel propagation. The magnetic effect on the/-mode appears to be due to magnetic tension. Nonparallel propagation will result in a decrease in field-line bending, so we would expect the frequency shift in the /-mode to be reduced as the wavevector becomes more nearly perpendicular to the magnetic field. This is indeed borne out by some preliminary investigations (Jain & Roberts 1990) . Magnetic tension also affects the n = 1 p-modes, but p-modes of higher radial order have frequency shifts caused mainly by the changes in the " rigidity " of the chromosphere. This depends on temperature and magnetic pressure and is thus reasonably independent of the orientation of the wavevector. Nonparallel propagation should thus have little effect on the frequency shifts of higher radial order p-modes.
We turn now to a consideration of recently obtained data on p-and /-modes. have compared p-mode frequencies from 1986 and 1988, both derived using the dedicated helioseismology telescope at Big Bear Solar Observatory. They have averaged frequencies over / values from 5 to 60 and determined the frequency shift as a function of mode frequency. The year 1986 was one of low solar activity, while in 1988 the Sun was rapidly climbing toward maximum activity. Consequently, we would expect stronger magnetic effects in the 1988 data than in the 1986 data. If we assume that the constant B model is applicable, then this would imply an increase in p-mode frequencies from 1986 to 1988. This is exactly in accord with the findings in drop in the frequency shift which is not predicted by our uniform B model. More recent data has been shown that this drop in frequency shift at around 4.5 mHz is quite pronounced (K. G. Libbrecht, private communication) . We return to this point shortly.
In their Figure 2b , Libbrecht & Woodard have presented frequency shifts as a function of l for fixed frequency v = 3 mHz. This exhibits a linear behavior, Av oc / which is characteristic of atmospheric perturbations localized to the surface of the Sun (cf. Christensen-Dalsgaard 1988) . A simple analysis of our asymptotic solutions indicates a similar behavior under the appropriate assumptions. We hope to present this along with a more quantitative comparison with observed frequencies at a later date. Qualitatively, our results agree with the observations for the lower frequencies.
Recently, Goldreich et al. (1990) have examined whether magnetic and thermal effects can cause the observed frequency shifts. They conclude that a horizontal magnetic field will always produce a decrease in the p-mode frequencies. However, their conclusion is based on an analysis assuming vjc s is small, which is far from the case in the constant B model. They also make the valid point that a constant B model is somewhat unrealistic. From this they conclude that frequency increases cannot arise from horizontal chromospheric magnetism but must be due to photospheric magnetic flux-tubes. They also argue that the sharp drop in frequency shift for high-frequency modes can be explained as arising from the cut-off frequency in the hot chromosphere.
While accepting that the chromospheric models we have examined are not entirely realistic, we believe that they will produce similar effects to a more realistic model. Once the photospheric flux tubes have expanded to fill all space, it is hard to see how the magnetic field strength can change much over heights of the order of 1000 km above the photosphere. Consequently, the constant B model seems reasonably applicable to the chromosphere. In the corona the magnetic field strength will still not vary a great deal, but here the very high temperature means the density scale height will have increased over the photospheric value by a factor of 100-1000 to be approximately 10-100 Mm. Thus we may expect the Alfvén speed to be roughly constant in the corona. A more reasonable model solar atmosphere, then, might consist of a layer of constant B extending to around 1000 km above the photosphere and an upper region of constant Alfvén speed. Such a model, though still a little artificial, overcomes the objections of Goldreich et al. How might such a chromosphere affect p-mode frequencies?
We hope to examine more realistic models of the chromosphere in the near future, but it is possible, in the light of the calculations we have done so far, to make an educated guess as to the likely effects. Consider a model similar to that discussed here except that the middle layer is permeated by a uniform horizontal magnetic field and the upper layer has a magnetic field such that the Alfvén speed is constant. Then, in the limit of z c -► oo we recover the model of ER while the opposite limit (z c -► 0) gives the CR model. For z c between these limits there will be a continuous change from the behavior of one model to the other. By analogy with the calculations presented here, it is reasonable to expect the influence of the upper layer to fall off with increasing z c like exp ( -z c /H m ). Thus, if z c ä 1000 km, the upper layer will have a negligible effect. The more realistic model can be expected to behave very much like the constant B model. The upper layer does, however, introduce the important effect of cut-off frequencies which is absent in the pure constant B model. From the work in CR, it can be seen that for p-modes with frequencies close to the cut-off frequency, there is a quite marked decrease in frequency shift. Here we are in agreement with Goldreich et al. in invoking cut-off as the mechanism for the observed sharp drop in frequency shift above 4.5 mHz. Thus we would expect this more realistic model chromosphere to reproduce the qualitative pattern in the observed frequency shifts very well.
In another paper, Libbrecht, Woodard, & Kaufman (1990) have presented an extended analysis of helioseismology data leading to a large set of mode frequencies. Libbrecht et al. find that the /-mode frequencies for high / > 1000 modes are substantially lower (by as much as 100 //Hz) than the expected, nonmagnetic, dispersion relation, oe 2 = gk, would predict. This contradicts the prediction of CR and ER who suggest a higher frequency for the two models investigated. Our present understandings of the frequency shift in the/-mode suggest that the sign of this magnetically induced shift is always positive, independent of the model of atmospheric magnetism. Consequently, the latest results from Libbrecht et al. present a dilemma in our understanding of magnetic effects. It may be the case that some other effect, additional to magnetism, is responsible for the frequency reduction. Any analysis of
